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Comparing with an ordinary thermodynamic system, we investigate the possible microscopic
structure of a charged anti-de Sitter black hole completely from the thermodynamic viewpoint. The
number density of the black hole molecules is introduced to measure the microscopic degrees of
freedom of the black hole. We found that the number density suffers a sudden change accompanied
by a latent heat when the black hole system crosses the small-large black hole coexistence curve,
while when the system passes the critical point, it encounters a second-order phase transition with
a vanishing latent heat due to the continuous change of the number density. Moreover, the ther-
modynamic scalar curvature suggests that there is a weak attractive interaction between two black
hole molecules. These phenomena might cast new insight into the underlying microscopic structure
of a charged anti-de Sitter black hole.
PACS numbers: 04.70.Dy, 04.60.-m, 05.70.Ce
Introduction.—Black holes have been a mystery since
they were predicted by general relativity. From a classi-
cal viewpoint, a black hole is a complete black object of
strong gravity, and nothing can escape from it. However,
after the pioneering work by Hawking and Bekenstein [1–
3], such a system was found to possess temperature T and
entropy S, i.e.,
T =
~κ
2pickB
, S =
kBc
3A
4~G
, (1)
with κ and A the surface gravity and event horizon area
of the black hole. For simplicity, we adopt in the following
the units ~ = c = kB = G = 1. Then the gravity sys-
tem is mapped to a thermodynamic system. In Ref. [4],
four laws of black hole thermodynamics were established.
Later, many works show that a black hole is not only a
gravity system, but also a special thermodynamic system.
Comparing with an ordinary thermodynamic system, un-
derstanding the microscopic origin of black hole entropy
is a challenging problem, because the black hole entropy
is proportional to the horizon area, i.e., S ∼ A rather
than the volume. Such a subject attracts a great inter-
est, especially on the microscopic degrees of freedom of a
black hole, which, however, is still not completely clear.
Among the methods of counting black hole microstates
and investigating the microscopic origin of black hole
entropy, string theory provides a natural framework.
Through counting the number of states of a weakly cou-
pled D-brane system and then extrapolating the result
to the black hole phase, the Bekenstein-Hawking entropy
formula was exactly derived for certain supersymmetric
black holes by Strominger and Vafa [5]. Similar calcula-
tions have been applied to other black holes [6–9]. De-
spite the great success, such calculation is limited in su-
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persymmetric and extremal black holes. For example,
the explicit construction of the microstates for the most
simple Schwarzschild and Kerr black hole solutions is still
lacking. There are other ways to calculate black hole en-
tropy, but almost all of them are based on the assump-
tion that gravity is dual to a gauge theory or a strongly
coupled conformal field theory, and black hole entropy
and microstates are calculated under this duality. Nev-
ertheless, what constitutes the states of a black hole is
unclear. Furthermore, fuzzball theory [10, 11] states that
black holes are actually spheres of strings with a definite
volume from the microscopic level. However, it is still
highly speculative.
Maybe the unsatisfactory understanding of the micro-
scopic structure of a black hole brings us back to the old
question: Does a black hole have a microscopic struc-
ture? For the fluid, its microscopic structure is very clear,
i.e., its micromolecules carry the degree of freedom. How
about a black hole? Its microscopic structure is com-
pletely unknown to us. In order to answer this question,
we recall Boltzmann’s insight: “If you can heat it, it has
microscopic structure”. Such a viewpoint sheds insight
into the microscopic structure of matter before achiev-
ing observational evidence in the past. Since a black
hole can change its Hawking temperature by absorbing
or emitting matter, we can conjecture that it should have
a microscopic structure, even though we do not know its
micromolecules. The aim of this Letter is to explore the
possible microscopic structure of a charged anti-de Sit-
ter (AdS) black hole completely from the thermodynamic
viewpoint.
Number density of the microscopic structure.—Next we
will examine the number density of the black hole micro-
scopic structure from the point of view of the thermody-
namic phase transition. A powerful model to describe a
phase transition is the van der Waals (vdW) fluid, which
is the first, simplest, and most widely known example of
an interacting thermodynamic system exhibiting a first-
order liquid-gas phase transition. About sixteen years
2ago, it was found that the phase transition between small
and large charged AdS black holes is of the vdW type in
the canonical ensemble [12, 13]. However, until recently,
the complete analogy between the vdW fluid and charged
AdS black hole was established by treating the cosmologi-
cal constant as a pressure, P = −Λ/8pi [14, 15]. The first
step of analogy between the vdW fluid and black hole
system is the equation of state. For a four-dimensional
charged AdS black hole, it reads [15]
P =
T
2rh
− 1
2pi(2rh)2
+
2Q2
pi(2rh)4
. (2)
Here rh, Q and T are the horizon radius, temperature,
and charge of the black hole, respectively. Comparing
with the vdW fluid, the specific volume v of the black
hole fluid can be identified as [15]
v = 2l2P rh, (3)
where we restore the dimension and Planck length lP =√
~G/c3. This concept has been applied to different
black hole systems and is a great success in studying
the small/large black hole (SBH/LBH) phase transition.
Thus, we can understand v as the specific volume of the
black hole molecule, which carries the degrees of freedom
of black hole entropy.
On the side of the vdW fluid, the number density of
micromolecules is a fundamental physical quantity to de-
scribe the thermodynamic system running in the phase
diagram. And for the black hole fluid, we can introduce
the concept, which is defined as
n =
1
v
=
1
2l2P rh
. (4)
We will show that this concept could provide a prelimi-
nary knowledge on the microscopic structure of a black
hole. With such a quantity n, the microscopic and macro-
scopic physical quantities of a thermodynamic system are
closely related to each other through statistical mechan-
ics. And novel interesting information will be revealed.
However, before pursuing this issue, we will turn back
to the number density n. Its introduction seems to be
somewhat incredible. In what follows we will give a nat-
ural interpretation for it.
From the holographic view, black hole entropy resides
on the black hole horizon. Ruppeiner [16] proposed that
the microscopic degrees of freedom of the black hole are
carried by the Planck area pixels, i.e., A/l2P . Here, we
assume that one microscopic degree of freedom occupies
γ Planck area pixels. Then the total number of the mi-
croscopic degrees of freedom is given by
N =
A
γl2P
. (5)
Therefore, the effective number density n for the AdS
black hole can be calculated as [17]
n =
N
V
=
3
γl2P rh
, (6)
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FIG. 1: The difference of the number densities between the
small and large black holes.
where V =
4pir3
h
3
is the thermodynamic volume produced
from the first law, V = (∂PM)Q,S , rather than the vol-
ume of the sphere with the radius of the event hori-
zon [14, 18]. Taking γ = 6, we will obtain the exact
result Eq. (4). For a detailed discussion on the black
hole microscopic degree of freedom, we refer the readers
to Refs. [19–21].
Here we grasp that the number density n defined here
has a natural interpretation, and it can measure the num-
ber density of the virtual black hole molecules. Finding
the relations between the thermodynamic quantities and
number density can also provide an effective link between
microscopic and macroscopic black hole physics.
Thermodynamic phase transition.—The state equation
(2) of a charged AdS black hole displays a vdW-like ther-
modynamic behavior. The SBH-LBH coexistence curve
has a parametric form [22]
P
Pc
=
∑
i
ai
( T
Tc
)i
, (7)
with ai are dimensionless coefficients. This curve has a
positive slope everywhere and terminates at the critical
point (Pc, Tc, vc) = (1/96piQ
2,
√
6/18piQ, 2
√
6Q), beyond
which the SBH and LBH phases cannot be clearly distin-
guished. Near this critical point, the charged AdS black
hole system shares the same critical exponents and scal
ing laws with the vdW fluid. This strongly suggests that
such a SBH/LBH phase transition is of the vdW type,
and now it is widely accepted.
Recently there have been many groups finding the
phase transition of the vdW type in different AdS black
hole backgrounds. But there are few papers considering
the physics going along or crossing the SBH-LBH coexis-
tence curve. Studying such an issue will raise new interest
in black hole thermodynamics.
When a SBH crosses the coexistence curve and be-
comes a LBH, the number density would have a discon-
tinuous change. We show the behavior of the difference of
the number density between the SBH and LBH along the
curve in Fig. 1, which displays that with an increase of
the temperature, the difference (nSBH−nLBH)/nc mono-
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FIG. 2: Phase diagram in the T−n plane. The black hole sys-
tem has a maximum number density at n/nc = 2.44, slightly
smaller than n/nc = 3 of the van der Waals fluid.
(A) (B)
FIG. 3: Sketch picture for the change of the black hole
molecule specific volume crossing the SBH-LBH coexistence
curve. Top green and bottom red circles denote the small and
large black hole molecules, respectively. During the phase
transition, the specific volume of the molecular and number
density change accordingly. (A) (P, T ) = (0.85Pc, 0.94Tc),
v = 0.73vc (top), 1.48vc (bottom). (B) (P, T, v) = (Pc, Tc, vc).
tonically decreases. It vanishes when approaching the
critical point, which implies that the microscopic struc-
tures of the SBH and LBH tend to be the same at that
point. The temperature T/Tc versus density n/nc phase
diagram is plotted in Fig. 2. The maximum number den-
sity of the system is n/nc = 2.44, slightly smaller than
n/nc = 3 of the vdW fluid [23], at which there is no
free volume left for molecules to move. The experimen-
tal data of Ne, Ar, O2 and other gases approximatively
confirmed such a phase diagram. Indeed, we can conjec-
ture that the similar phenomena also holds for the black
hole.
We show in Fig. 3 the sketch picture showing that
phase transition occurs between the small and large black
hole molecules when the back hole system crosses the
coexistence curve. The green circles in the upper half
plane correspond to the SBH molecules, and the red cir-
cles in the lower half plane to the LBH molecules. Plane
(A) denotes the situation that the black hole crosses the
coexistence curve with (P, T, v) < (Pc, Tc, vc), and (B)
for (P, T, v) = (Pc, Tc, vc). From Fig. 3(A), we see that
when the black hole crosses the coexistence curve, the
number density n and the specific volume v suffer a gap
corresponding to a first-order phase transition. How-
ever, when the black hole passes the critical point, see
Fig. 3(B), they continuously change, which corresponds
to a second-order phase transition.
Generally, if the microscopic structure of an ordinary
thermodynamic system has a discontinuous change dur-
ing the phase transition, then there must be a nonvan-
ishing latent heat. For the case of a black hole with fixed
charge, the latent heat L of each black hole molecule tran-
siting from one phase to another phase can be calculated
from the following formula:
L =
T∆S
N
= T∆v
dP
dT
= T
(
1
nLBH
− 1
nSBH
)
dP
dT
, (8)
where the Clapeyron equation dP/dT = ∆S/∆V hold-
ing along the coexistence curve has been used. From this
equation, one can see that, when the black hole system
crosses the coexistence curve, there is a nonvanishing la-
tent heat, while the latent heat vanishes when the system
passes the critical point T = Tc due to nLBH = nSBH,
which can be found from Fig. 1 or Fig. 3(B).
Thermodynamic geometry.—Now it is clear that the
number density n measuring the micromolecules of
black hole freedom is a useful quantity to describe the
SBH/LBH phase transition. For the vdW fluid, interac-
tions between two molecules are approximated by the
so-called Lennard-Jones potential. It produces short-
range repulsive interaction and longer-range attractive
one. Analogous to this, one would like to ask what kind
of interaction there is between two micromolecules of a
black hole. In order to answer this question, exploration
of the thermodynamic fluctuation theory is necessary.
Fortunately, the well-known thermodynamic geometry,
the Ruppeiner geometry [24], constructed from the ther-
modynamic fluctuation theory, provides us a powerful
tool.
The line element of the Ruppeiner geometry is defined
in parameter space by taking the system entropy S as its
thermodynamic potential,
ds2 =
∂2S
∂xµ∂xν
∆xµ∆xν , (9)
where ∆xµ ≡ (xµ − xµ
0
) measures the fluctuation of the
thermodynamic quantity xµ from xµ
0
, and xµ
0
corresponds
to ds2 = 0. Such a line element has a clear physical in-
terpretation [24]: the less probable a fluctuation between
two thermodynamic states, the further apart they are.
Based on the metric (9), one can construct a thermo-
dynamic scalar curvature R similar to that of GR. The
authors in Ref. [25] first emphasized the difference in the
sign of R, i.e., R > 0 (R < 0) for the Fermi (Bose) ideal
gas and R = 0 for the classical ideal gas [26]. Further
study shows that positive (negative) R implies repulsive
(attractive) interaction dominates in the thermodynamic
system. Thus the sign of R offers us direct information
about the character of the interaction among the micro-
molecules of a thermodynamic system.
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FIG. 4: The Ruppeiner scalar curvature R as a function of
the pressure P and number density n. The boundary marked
as the thick blue line is related to the coexistence curve.
For the charged AdS black hole, we take (M,P ) fluc-
tuation while with fixed charge Q = 1. This case corre-
sponds to a two-dimensional Riemannian geometry with
the curvature scalar given by
R = − 4(n/nc)
4 + (n/nc)
6
24pi(n/nc)2 + 12pi(P/Pc)
. (10)
The behavior of R is depicted in Fig. 4. Note that in the
range of (n/nc, P/Pc) < (1, 1), small and large n relate to
the LBH and SBH, respectively. Between the small and
large black holes, it is the intermediate black hole, which
has been excluded from thermodynamic phase transi-
tion consideration for its instability. Thus, the curvature
scalar R has a gap among the SBH and LBH branches.
This incommensurate R [27] implies that the structures
of the SBH and LBH are different, and it is difficult for
the black hole molecules to transform from one phase to
another unless providing the latent heat. At the asymp-
totic critical region (n/nc, P/Pc) ∼ (1, 1), the gap of R
in the coexisting SBH and LBH phases disappears. In
such case, the structures of the SBH and LBH are simi-
lar. Phase transition between them can easily take place
and the latent heat in the process tends to vanish, which
is in accord with our above analysis. With further in-
crease of the parameters such that (n/nc, P/Pc) > (1, 1),
R continuously varies. This is due to the fade out of the
intermediate black hole branch, and no clear boundary
between the SBH and LBH branches.
Since (n/nc) and (P/Pc) are always positive, R is neg-
ative according to Eq. (10). From thermodynamic fluc-
tuation analysis [28], this case is related to the system
of a weak attractive interaction between two black hole
molecules. In a fixed AdS space, the very large black
hole has n/nc ∼ 0, and thus the curvature scalar R ap-
proaches zero. This reveals that the property of the very
large black hole microscopic structure is similar to that
of the classical ideal gas, and there exists no interac-
tion between the micromolecules. While for the small
black hole, the attractive interaction grows stronger with
(n/nc)
4. Such patterns of R might cast new sight on the
nature of the AdS black hole microscopic properties.
Summary.—Before ending this Letter, we briefly sum-
marize it. We tried to explore the microscopic structure
of a charged AdS black hole from the viewpoint of ther-
modynamic phase transition and thermodynamic geom-
etry. After making a comparison with the vdW fluid,
we introduced a new concept, the number density n, for
the black hole with the assumption that it has a micro-
scopic structure. Employing it, we studied the behaviors
of the macroscopic thermodynamic variables. The result
shows that when the system crosses the SBH-LBH coexis-
tence curve, the specific volume of the black hole molecule
suffers a sudden change, accompanied by a latent heat.
However, when the system crosses the critical point, the
latent heat vanishes, which implies a second-order phase
transition. This is due to the fact that the specific vol-
umes of the small and large black hole molecules tend to
be the same when approaching that point. On the other
hand, we found that the interaction between two black
hole molecules is weak attractive from the viewpoint of
the thermodynamic geometry. These results might cast
new insight into the black hole microscopic structure.
And it seems that the thermodynamic phase transition
and thermodynamic geometry could offer us an effective
method to study the microscopic properties of a black
hole.
In this Letter, we showed two important quantities,
the number density n and specific volume v, to describe
the black hole molecule. However, what the black hole
microstates actually are is still unknown. Maybe the mi-
croscopic degrees of freedom carried by these molecules
can be counted by the D-brane states. Or, more specula-
tively, one can think that a molecule is a sphere of strings
following the fuzzball proposal. Thus, more effort is still
needed in order to understand the real microscopic struc-
ture of a black hole from a much more basic viewpoint
in the future.
Last, we would like to make a few comments. Here
we only deal with the charged AdS black hole. How do
non-AdS black holes behave? We conjecture that these
black holes also have a microscopic structure from Boltz-
mann’s insight. However, thermodynamic phase transi-
tion of the vdW type may not exist and thus the system
behaves like the classical ideal gas. Furthermore, one can
also consider rotating AdS black holes or black holes in
higher-derivative gravity [17, 29–31], where richer phase
transition structure has been found and it may provide
an extensive insight into the black hole microscopic struc-
ture.
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